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wo: 

Abstract. We study the symplectic geometry of the moduli spaces M r = M r (H 3 ) of 
, closed n-gons with fixed side-lengths in hyperbolic three-space. We prove that these 

| ■ moduli spaces have almost canonical symplectic structures. They are the symplectic 

quotients of B n by the dressing action of 5(7(2) (here B is the subgroup of the Borel 
subgroup of SL%(C) defined below). We show that the hyperbolic Gauss map sets 
i i ' up a real analytic isomorphism between the spaces M r and the weighted quotients 

\ of (S 2 ) n by PSL,2(C) studied by Deligne and Mostow. We construct an integrable 

• Hamiltonian system on M r by bending polygons along nonintersecting diagonals. We 

describe angle variables and the momentum polyhedron for this syst em. T he results of 
'-pi , this paper are the analogues for hyperbolic space of the results of [KM2 for M r (E 3 ), 

the space of n-gons with fixed side- lengths in E 3 . We prove M r (H 3 ) and Af r (E 3 ) are 
symplectomorphic. 

<N ; 

\ 1. Introduction 

^ . An (open) n-gon P in hyperbolic space H 3 is an ordered (n+l)-tuple {x\, ...,x n+ \) of 

t^- | points in H 3 called the vertices. We join the vertex xi to the vertex Xi + \ by the unique 

geodesic segment e%, called the i-th edge. We let Pol n denote the space of n-gons in H 3 . 
. An n-gon is said to be closed if x n+ \ = x\. We let CPol n denote the space of closed 

n-gons. Two n-gons P = [x±, ...,x n+ i] and P' = [x[, x' n+1 ] are said to be equivalent 
if there exists g £ PSL2(C) such that gxi = x',, for all 1 < i < n + 1. We will either 

S represent an n-gon P by its vertices or its edges, P = [x%, ...,x n+ i] = (ei, ...e n ). 
Let r = (r\, —,r n ) be an n-tuple of positive numbers. This paper is concerned with 
. the symplectic geometry of the space of closed n-gons in H 3 such that the i-th edge 

has side-length n, 1 < i < n, modulo PSL2(C). We will assume in this paper (with 
the exception of §|||) that r is not on a wall of D n (see §||), hence M r is a real-analytic 
manifold. 

The starting point of this paper is (see §|j) 



Theorem 1.1. The moduli spaces M r are the symplectic quotients obtained from the 
dressing action of SU(2) on B n . 

Here B = AN is the subgroup of the Borel subgroup of 5L2(C), B = {(^ ^Li ) : 
A G R+, z G C}. B is given the Poisson Lie group structure corresponding to the Manin 
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triple (sl(2, C),su(2), b) with (,) on $1(2, C) given by the imaginary part of the Killing 
form. 

Remark 1.2. As a consequence of Theorem 1.1, the spaces M r have an almost canonical 
symplectic structure ( the symplectic structure depends on a choice of Iwasawa decompo- 
sition of SIj2(C) or a ray in B 3 , but given two such choices, there exist (infinitely many) 
g £ SL2 (C) inducing an isomorphism of the two Poisson structures) . 

Our next theorem relates the moduli spaces M r to the weighted quotients Q ss t = 
Q ss t(r) of (S 2 ) n constructed by Deligne and Mostow in | DM |. By extending the sides 



of the n-gon in the positive direction until they meet S 2 = dooM 3 , we obtain a map, the 
hyperbolic Gauss map 7 : Pol n — > (S 2 ) n . We then have (here we assume M r is smooth) 

Theorem 1.3. The hyperbolic Gauss map induces a real analytic diffeomorphism 7 : 
M r -» Q sst {r). 

Remark 1.4. In |KM2(| , the first two authors constructed an analogous analytic iso- 
morphism 7 : M r (E 3 ) — > Q ss t{r) where M r (E 3 ) is the moduli space of n-gons with the 
side-lengths r = (77, ...,r n ) in Euclidean space E 3 . Although they gave a direct proof, this 



latter result was a consequence of the Kirwan-Kempf-Ness theorem, [Ki|, ||KN|| , relating 
Mumford quotients to symplectic quotients. Our new result (Theorem 1.3 above) relates 
a Mumford quotient to a quotient of a symplectic manifold by a Poisson action. 

The key step (surjectivity) in the proof of Theorem 1.3 is of independent interest. We 
could try to invert 7 : M r — > Q sst as follows. Suppose we are given £ = (£1, £ n ) S Qsst- 
We wish to construct P G M r with 'y(P) = £. Choose x G H 3 . Put the first vertex x\ = x. 
Let o"i be the geodesic ray from x\ to £1. Let X2 be the point on a\ with d(x±,X2) = r±. 
Let o"2 be the ray from X2 to £2- Cut off 02 at X3 so that d[x%, X3) = r2- We continue in 
this way until we get P = [27, However it may not be the case that P closes 

up (i.e. x n+ i = xi). 

Theorem 1.5. Suppose £ is a stable configuration (see §3.1\) on (S 2 ) n . Then there is a 
unique choice of initial point x = x(r, £) such that P closes up. 

Remark 1.6. Let v be the atomic "measure" on S 2 which assigns mass ri to the point 
1 < i < n, keeping track of the order of the £,'s. Then the rule that assigns x = 
x(V) = x(£,r) above is PSL2(C)-equivariant and is a multiplicative analogue of the 
conformal center of mass, C(v), of Douady and Earle JDEf , see also JMZ| : §4]. Here v 
is the measure v = Ya=i r ^(? — 

Remark 1.7. We may use Theorem 1.3 to construct a length- shrinking flow on CPol n . 
Namely, let < t < 1. Replace the weights r = (77, ...,r n ) by tr = (tr±, ...,tr n ). We have 

M r ^ Qsst(r) * Qsst{tr) 3- M tr . 

The composition 7^ o^ r is the length-shrinking flow. Note that Q ss t{ r ) and Q S st(tr) 
are canonically isomorphic as complex analytic spaces. We obtain a curve x(t) = x(tr, £). 
We have 
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Theorem 1.8. lim^o x(tr, £) = C(v), the conformal center of mass of Douady and 
Earle. 

Remark 1.9. We see that C(v) is "semi-classical," it depends only on the limit as the 
curvature goes to zero (or the speed of light goes to infinity), see § |5*. ,% 

Our final theorems are connected with the study of certain integrable systems on M r 
obtained by "bending an n-gon along nonintersecting diagonals" Precisely, we proceed 
as follows. We define the diagonal dij of P to be the geodesic segment joining xi to Xj. 
Here we assume i < j. We let be the length of dij. Then £y is a continuous function 
on M r but is not smooth at the points where £y = 0. We have the following description 
of the Hamiltonian flow of tij (it is defined provided ^ 0). 

Theorem 1.10. The Hamiltonian flow - oflij applied to an n-gon P £ M r is obtained 
as follows. The diagonal dij separates P into two halves. Leave one half fixed and rotate 
the other half at constant speed 1 around dij . 

For obvious reasons we call "bending along dij." 

Definition 1.11. We say two diagonals dij and d a b of P do not intersect if the interiors 
of d*j and d* ab do not intersect, where d*- (resp. d* b ) is the diagonal of a convex planar 
n-gon P* corresponding to dij (resp. dab). 

We then have 

Theorem 1.12. Suppose dij and d a b do not intersect, then 

Remark 1.13. We give two proofs of this theorem. The first is a direct computation of 
the Poisson bracket due to Hermann Flaschka. The second is an elementary geometric 
one depending on the description of the flows in Theorem 1.10. It corresponds to the 
geometric intuition that we may wiggle flaps of a folded piece of paper independently if 
the fold lines do not intersect. 

We obtain a maximal collection of commuting flows if we draw a maximal collection 
of nonintersecting diagonals {dij,(i,j) £ I}. Later we will take the collection of all 
diagonals starting at the first vertex, / = {(1, 3), (1, 4), (1, n— 1)}. Each such collection 
corresponds to a triangulation of a fixed convex planar n-gon P*. There are n — 3 
diagonals in such a maximal collection. Since dim M r = 2n — 6, we obtain 

Theorem 1.14. For each triangulation of a convex planar n-gon P* we obtain an in- 
tegrable system on M r . Precisely, we obtain a Hamiltonian action of an (n-3)-torus on 
M r which is defined on the Zariski open subset M' r defined by the nonvanishing of the 
lengths of the diagonals in the triangulation. 

We have a simple description of the angle variables and the momentum polyhedron 
attached to the above integrable system. Let M° C M' r be the subset such that none of 
the n — 2 triangles in the triangulation are degenerate. Let Oij be the dihedral angle at 
dij. Put Oij = 7T — 6ij. Then the dij are angle variables. 
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To obtain the momentum polyhedron we follow [HK] and note that there are three 
triangle inequalities associated to each of the n — 2 triangles in the triangulation. These 
are linear inequalities in the ^'s and the r^-'s. If they are satisfied, we can build the 
n — 2 triangles then glue them together and get an n-gon P with the required side-lengths 
rj and diagonal lengths £ij. We obtain 

Theorem 1.15. The momentum polyhedron of the above torus action (the image of M r 
under the lij's) is the subset of (M>o) n ~ 3 defined by the 3(n — 2) triangle inequalities 
above. 

As a consequence we obtain 

Corollary 1.16. The functions iy, (i,j) £ are functionally independent. 



Our results on n-gon linkages in HI 3 are the analogues of those of | KM2(| for n-gon 



linkages in E 3 . We conclude the paper by comparing the symplectic manifolds M r (IHI 3 ) 
and M r (E 3 ). Assume henceforth that r is not on a wall of D n . 

Since the Euclidean Gauss map 7 e : M r {M?) — ► Q S st(f) is a canonical diffeomorphism 
as is the hyperbolic Gauss map 7^ : M r (E 3 ) — > Q ss t(r) we obtain 

Theorem 1.17. The hyperbolic and Euclidean Gauss maps induce a canonical diffeo- 
morphism 

M r (E 3 ) ~ M r (M 3 ). 

The last part of the paper is devoted to proving 

Theorem 1.18. M r (E 3 ) and M r (H 3 ) are (noncanonically) symplectomorphic. 

This theorem is proved as follows. Let X K be the complete simply-connected Ric- 
mannian manifold of constant curvature k. In jSa|, Sargent proved that there exists a > 
and an analytically trivial fiber bundle ir : £ — » (— 00, a) such that 7t~ 1 (k) = M r (X K ). 
We construct a closed relative 2-form oj k on £L ^pi such that u> K induces a symplectic 
form on each fiber of ir and such that the family of cohomology classes [u> K ] on £|(_oo,o] 
is parallel for the Gauss-Manin connection. Theorem 1.1£| then follows from the Moser 



technique [ Mo 



The results are closely related to but different from those of [GW] and 

Acknowledgments. It is a pleasure to thank Hermann Flaschka for his help and 
encouragement. He explained to us the set-up for the Sklyanin bracket (see §[4.1[) and 



provided us with the first proof of Theorem 1.12. Also, this paper was inspired by 



reading | FR | when we realized that the dressing action of SU{2) on B n was just the 



natural action of SU (2) on based hyperbolic n-gons. We would also like to thank Jiang- 



Hua Lu for explaining the formulas of §5.1 to us. We would also like to thank her for 



pointing out that it was proved in |GW | that the cohomology class of the symplectic 



forms u! e on an adjoint orbit in the Lie algebra of a compact group was constant. 
2. Criteria for the moduli spaces to be smooth and nonempty 



In this chapter we will give necessary and sufficient conditions for the moduli space 
M r to be nonempty and sufficient conditions for M r to be a smooth manifold. 
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First we need some more notation. Let * be the point in H 3 which is fixed by 
PSU(2). We let Pol n (*) denote the space of n-gons [xi, x n+ \] with x\ = * and 
CPol n (*) = CPol n n Pol n (*). We let N r C Pol n (*) be the subspace of those n-gons 
P = [x\, x n+ i] such that d(xi,Xi + i) = ri, 1 < i < n. We put N r = N r /PSU(2) and 
M r = N r n CPol n (*). Hence, M r = M r /PSU(2). 

Let 7r : CPol n — > (R>o) n be the map that assigns to an n-gon e its set of side-lengths. 
7r(e) = (n, ...,r n ) with n = d(xi,x i+1 ), 1 <i <n. 

Lemma 2.1. The image ofir is the closed polyhedral cone D n defined by the inequalities 

n > 0,...,r n > 

and the triangle inequalities 

n < n H h r j H \-r n , 1 <i <n 

(here the " means that ri is omitted). 

Proof: The proof is identical to the proof of the corresponding statement for Euclidean 
space, |KM1| , Lemma 1]. □ 

We next give sufficient conditions for M r to be a smooth manifold. We will use two 
results and the notation fro m §[4.3| (the reader will check that no circular reasoning is 
involved here). By Theorem 4.27| we find that M r is a symplectic quotient. 

M r = {v\jiT\l)/SU(2) 



By Lemma 4.23, 1 is a regular value of ip unless there exists P 6 M r such that the 
infinitesimal isotropy (su2)\p = {x £ SU(2) : X(P) = 0} is nonzero. 

Definition 2.2. An n-gon P is degenerate if it is contained in a geodesic. 

We now have 

Lemma 2.3. M r is singular only if there exists a partition {1, ...,n} = I II J with 
#(/) > 1,#(J) > 1 such that 

iei jeJ 

Proof: Clearly (su2)\p = unless P is degenerate. But if P is degenerate there exists 
a partition {1, ...,n} = I II J as above (/ corresponds to the back-tracks and J to the 
forward-tracks of P). □ 



Remark 2.4. In the terminology of KM1 ], [ KM2 |, M r is smooth unless r is on a wall 
of D n . Note that if \I\ = 1 or \ J\ = 1 then r £ dD„ and M r is reduced to a single point. 

There is a technical point concerning smoothness. We could also define M r as the 
fiber of vf : CPol n /PSL 2 (C) -> D n over r. It is not quite immediate that smoothness 
of the symplectic quotient coincides with the smoothness of 7f _1 (r). Fortunately, this is 
the case (note r is a regular value of 7f 44> r is a regular value of ir) . 
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Lemma 2.5. r is a regular value of it 44> 1 is a regular value of <p\N r 
Proof: The lemma follows from a consideration of the diagram 



CPol n {*) >-Pol n {* 





and the observation that <p : Pol n (*) — ► B (see § f4.2|) and the side-length map Pol n (*) — > 
(R>o) n are obviously submersions. Here we have abbreviated <p\N r to yv. □ 

3. The geometric invariant theory of hyperbolic polygons 

3.1. The hyperbolic Gauss map and weighted quotients of the configuration 
spaces of points on the sphere. The goal of the next two sections is to construct 
a natural homeomorphism 7 : M r — > Q ss t where Q ss t is the r-th weighted quotient of 
(S 2 ) n by PSL 2 (C) constructed in EM] in the case that M r is smooth. Q sst is a complex 



analytic space. We now review the construction of Q ss t- 

Let M C (S 2 ) n be the set of n-tuples of distinct points. Then Q = M/PSL 2 (C) is 
a (noncompact) Hausdorff manifold. 

Definition 3.1. A point u£ (S 2 ) n is called r-stable (resp. semi-stable) if 

E\r\ \r\ 
r i < y ( resp - - ~2> 



The set of stable and semi-stable points will be 



for all v € S 2 . Here \r\ = Y^j=i '■ 
denoted by M s t and M ss t respectively. A semi-stable point u G (S 2 ) n is said to be a nice 
semi-stable point if it is either stable or the orbit PSL2(C)u is closed in M ss t. 

We denote the space of nice semi-stable points by M nsst . We have the inclusions 

M st C M nsst C M sst . 



cusp — + vj -sst — M st . We obtain the points M cusp in the following way. Partition 



Let M cusp = M. 
S = {1, n} into disjoint sets 5 = £1 U £2 with S\ 

such a way that n x H + = ^ (whence rj x + 

if either u. 



{il,...,i k }, S 2 = {ji,-,j n -k} m 



■- + T4 



Then u is in M r , 



' Jn-k ~ 2 I' " 10 111 lv± CUSp 

— — — u, 4fe ui — — — u, ] n -k' ±ccnac± will verify that u S M cusp is 
a nice semi-stable point if and only if both sets of the equations above hold, relation 1Z 
via: 

u = w (mod TZ) if either 

(a) u,w £ M st and w £ PSL2(C)u, 
or 

(b) u,w E M cusp and the partitions of S corresponding to u, w coincide. 
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The reader will verify that u,w £ M nsst — M st then u = w (mod 1Z) if and only if 
w G PSL 2 (C)u. 

It is clear that 1Z is an equivalence relation. Set 

Qsst = Msst/TZ, Q n sst = M nsst /lZ, Q st = Mgt/TZ, Q CU sp = M cusp /lZ 

each with the quotient topology. The elements of Q CU sp are uniquely determined by 
their partitions. Thus Q CU sp is a finite set. It is clear that each equivalence class in Q cusp 
contains a unique -PSX2(C)-orbit of nice semi-stable points whence the inclusion 

M nsst C Msst 

induces an isomorphism 

Qnsst = M nss t/PSL2(C) — > Qsst- 

In case r\, r n are rational then the quotient space Q ss t can be given a structure of 
a complex projective variety by the techniques of geometric invariant theory applied to 



certain equivariant projective embeddings of (S 2 ) n , see [DM, §4.6]. This concludes our 
review of [pM| , §4]. We now establish the connection with the moduli space M r . 

For the rest of this section (with one exception) we will use the ball model of hyper- 
bolic space (so * = (0,0,0)). We will compactify H 3 by enlarging the open three ball 
to the closed three ball, thus we add S 2 = dooM 3 . Each point of S 2 corresponds to an 
equivalence class of geodesic rays in H 3 . Two rays a and j3 are equivalent if they are 
asymptotic, i.e. limt^ 00 a(i) = lim^ QO /3(t) in the closed three ball. Intrinsically the 
equivalent rays are characterized by the property that they are within finite Hausdorff 
distance from each other. 

In what follows all geodesic segments, geodesies and geodesic rays will be parameter- 
ized by arc-length. We now define the hyperbolic Gauss map 7 (in various incarnations). 
Let <j = [x,y], x,y E H 3 , be the oriented geodesic segment from x to y. Let a(0) be 
the ray, a : [0, 00) — > H 3 with 5(0) = x and a(£) = y (here t = £(a) is the length of the 
geodesic segment a). We define the (forward) Gauss map 7 on oriented segments by 

7(a) = lim o{t). 



t- 



We may now define 7 : N r — > (S ) n by 

7(e) = (7(ei),...,7(e n )). 
One of the main results of this paper is the following theorem - an analogue for Poisson 



actions of the theorem of Kirwan, Kempf, and Ness, [Ki], | KN | 



Theorem 3.2. (i) j(M r ) C M nsst . 

(ii) If P is nondegenerate, then j(P) G M s t- 

(iii) 7 induces a real analytic homeomorphism 7 : M r — > Q ss t- 

(iv) M r is smooth if and only if M s t = M ss t- In this case Q ss t is also smooth and 
7 : M r — > Qsst is an analytic diffeomorphism. 

Let r\ £ S 2 . We recall the definition of the geodesic flow 4^ associated to rj. (Strictly 
speaking, this flow is rather the projection to H 3 of the restriction of the geodesic flow on 
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UT(M S ) to the stable submanifold corresponding to 77.) Given z G H 3 there is a unique 
arc-length parameterized ray a with <r(0) = z, lim^oo a(t) = 77. By definition, 

= a(t). 

We will also need the definition of the Busemann function b(x, £), x G H 3 , £ G <9ooH 3 . 
Let <t be an arc-length parameterized geodesic ray from * to £. Then 

6(2:, £) = lim (d(x,a(t)) - t). 

t— »oo 

Note that for A; G PSU{2) = Stab(*) we have 

b(kx,k£) = b(x,0- 
Also, in the upper half space for H 3 , we have 

6((s,y,z),oo) = - log z. 

We now prove 

Lemma 3.3. For fixed £, — V6(x, ^) is t/ie infinitesimal generator of the geodesic flow 

4- 



Proof: From the first formula above, it suffices to check this statement in the upper half 
space model (so * = (0,0, 1)) for £ = oo. By the second formula 

_, . . d 
-Vb{x,y,z) = z— . 

oz 

□ 



We will now prove (i) and (ii) in the statement of Theorem 3.2 above. 

Lemma 3.4. (i) j(M r ) C M nsst . 
(ii) P is nondegenerate 4^ 7(P) G M s t. 



Proof: Let P G M r be a polygon with the vertices x%, ...,x n +\ = x n , we will use the 
notation Xi(t),0 < t < rj, for the parameterized edge (so that Xj(0) = Xj). We test 
stability of 7(P) with respect to a point 77 G S" 2 . Let 6(x) := 6(x, 77) be the corresponding 
Busemann function. Then for any unit vector v G T^H 3 ) 

(1) -V6(a;) • v < 1 

with the equality if and only if the geodesic ray exp(M + f) is asymptotic to 77. Similarly, 

(2) -Vb(x)-v>-l 



with the equality if and only if the geodesic ray exp(M_7;) is asymptotic to i]. Let 
I C {1, ...,n} be the subset of indices such that 7(ej) = 77. Let J be the complement of 
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/ in {1, ...,n}. Put 77 = X^e/ r *' r J = ^j€J r j- Since the polygon P is closed, using (||) 
and @ we get: 







n— 1 „ r . 

i=i 70 



> ^ rj - y~] Tj = 77 - r j 

iei jeJ 

with the equality if and only if every edge ej , j 6 J, is contained in the geodesic through 
77 and Xj. Thus 77 < rj, i.e. 7(-P) is semi-stable. If "f(P) is not stable then each edge 
ei,l < i < n, of P is contained in the geodesic through 77 and X{, which implies that this 
geodesic is the same for all i. Hence P is degenerate in this case. □ 

In order to prove that 7 : M r — > Q nss t is injective and surjective, we will first need 
to study a certain dynamical system f r £ GDiff(IH 3 ) attached to the configuration of n 
points £ = (£1, ...,£ n ) on S 2 weighted by r = (77, ...,r n ). The weights r will usually be 
fixed and we will drop r in f r £. 

3.2. A dynamical system on H 3 and the proof that the Gauss map is an 
isomorphism. Let £ = (£i,-.-,£n) £ (S 2 ) n . We define a diffeomorphism ft : H 3 — > H 3 
as follows. Assume that r = (77,..., r n ) G D n is given. Let z G H 3 be given. Let <ti 
be the ray emanating from z with lim^ 00 a'i(i) = £1. Put a?i = z and X2 = 01(77)- 
Now let o"2 be the ray emanating from X2 with lir%_ ) . 0O (^(i) = £2- Put X3 = 02 (t^)- 
We continue in this way until we obtain x n+ \ = cr n (r n ) where a n is the geodesic ray 
emanating from x n with lim^ oo 0" n (t) = £ n . We define by fg(z) = x n+ \. Note that 
the polygon P = (27, £ n +i) belongs to 7V r . 
We now give another description of fg: 

where </>| is the time t geodesic flow towards £. We may interpret the previous formula 



for fg as a product (or multiplicative) integral [DF]. Partition the interval [0,1] into n 
equal subintervals, = to < t\ < ■ ■ ■ < t n = 1. Let v be the atomic measure on [0, 1] 
given by v(t) = Yli=o r i+i°(* ~~ Let A : [0, 1] — ► S 2 be the map given by A| [U, U+i) = 
vt, <i<n-l. Define A : [0,1] -» C°°(IH 3 , T(M 3 )) by A(t)(z) = V6(*,A(t)). Then in 
the notation of [DF], 





in Diff(M 3 ). 

Remark 3.5. In fact, in |DF| 1 i/ie on/y integrals considered take values in GL n (C). We 
have included the above formula to stress the analogy with the conformal center of mass. 
The above integral is the multiplicative analogue of the gradient of the averaged Busemann 
function 

Vb u {z) = / Vb(z,r))(Kdv)(ri) 
Js 2 
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used to define the conformal center of mass (see §3.5). 
We will first prove 

Proposition 3.6. Suppose £ consists of three or more distinct points. Then f% is a 
strict contraction. Hence, if £ is stable, is a strict contraction. 

We will need the following lemma 

Lemma 3.7. Let £ 6 S 2 and 4>\ be the geodesic flow towards £. Then, for each t > 0, 

(i) tf (</!>! (21), 0|(z2)) < d(zi, z 2 ) with equality if and only if z\ and z 2 belong to the same 
geodesic r\ with end-point £. 

(ii) If Z 6 T 2 (H 3 ) is a tangent vector, then 

\\DJ>\{Z)\\<\\Z\\ 

with equality if and only if Z is tangent to the geodesic rj through z which is asymp- 
totic to £. 

Proof: We prove (ii) noting that (ii) implies (i). Use the upper half space model for H 3 
and send £ to 00. Then, if Z = (a, b, c) is tangent to H 3 at (x, y, z), we have 

fiooix, V,z) = {x,y,e t z) 

and 



H^oJa Ac) 



— yj g 2t a 2 _|_ g 2ty2 _|_ c 2 

(x,y,e i 2:) 



□ 



Remark 3.8. 1. In case of equality in (i), the points z\, Z2, (f)g(zi), (p^(z 2 ) oil belong to 
77. 

2. The above lemma also follows from the fact that Dcp^(Z) is a stable Jacobi field 
along ij. 

We can now prove the proposition. By the previous lemma, = <j) r ^ 1 o • • • o <^ does 
not increase distance. Suppose then that d(f^(z%), f^(z 2 )) = d(z\,z 2 ). Then, 

d(cf>ll(z 1 ),<j>ll(z 2 )) = d(z u z 2 ). 

Hence, z%, z 2 , (f) r ^(zi), <j)2(z 2 ) are all on the geodesic r\\ joining z\ to £1. 
Next, 

^(^(zO),^^^))) = d(<pl\( Zl ),4>l{z 2 )). 
Hence, (j> r ^{z\), 4> r ^{z 2 ), (f>^((f>^(zi)) , "^(^ (£2)) are all on the same geodesic. This 
geodesic is necessarily rj 2 , the geodesic joining (jfMzi) to £2, since it contains cj)^(zi) and 
0^(0^ (zi)). But since rj 2 contains 4> r ^{zi) and 4> r ^ i {z 2 ) it also coincides with 771. Hence, 

either £2 = £1 or £1 is the opposite end £1 of the geodesic 771. We continue in this way 
and find that either £j = £1 or £j = £1, for all 1 < i < n. □ 

Our next goal is to prove that f^ has a fixed-point in H 3 . Let H be the convex hull 
of {£1, ...,£ n }. Let be the negative of the Busemann function associated to £j so /3j 
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increases along geodesic rays directed toward £j. Fix a vector r = (n, r n ) and r-stable 
configuration £ = ...,£ n ) £ >5 2 - F° r 1 > /i > 0, we shall consider //^ : H 3 — > H 3 
where /ir = (/itt, ...,hr n ). Note that fh r ^{H) C i/. 

Lemma 3.9. There exist open horoballs, Oi, 1 < z < n ; centered at £j, which depend 
only on r and £, suc/i i/tai /or eac/t 1 < i < n, if x £ Oi H H , then 

l3i(fhrA X )) < 

fso fhr,z( x ) is "further away from" £ 4 i/ian xj. 

Proof: The angle between any two geodesies asymptotic to £j is zero, thus by continuity, 
for each e > 0, there exists a horoball 0i(e) centered at £j so that for each x 6 Oj(e)nF 
and for each point £j which is different from £j, the angle between the geodesic ray from 
x to £j and V6(x,£j) is < e. Let i" = € {1, ...,n} : = J := {1, ...,n} — /. Recall 
the stability condition means: 

rj — < rj := 

eei jeJ 
thus we can choose 7r/2>e>0so that 

77 — cos(e)rj < 0. 

We define L by Oj(e) = {/% > L} for this choice of e, then we define Oi by Oj := {/% > 
L + |r|}. Pick x <E H n Oi, this point is the initial vertex of the linkage P with vertices 

xi = x, x 2 = ^ ri (xi), x n+ i = <P^ n (x n ) = fhr,d x )- 

Note that since the length of P equals h\r\, (and h < 1), the whole polygon P is contained 
in H PI Oj(e). We let Xj(t),t G [0, for,] be the geodesic segment connecting Xj to Xj+i 
(parameterized by the arc- length). Then, 

0i{x n+1 ) - fii(xi) = ^2f3i(x) 

fe=i x k 

rhr k 

VPi(x k (t)) ■ x' k (t)dt 



E 

k=i 



rhri r-hrj 

= Y\ / v&fo(t)) • xj(t)df + V / vpi(x 3 (t)) ■ x'^dt. 

eei Jo jeJ Jo 

Recall that \\V pi{x k {t))\ \ = 1, \\x' k (t)\\ = 1, if £e I then 

Vft(x<(t)) • x' e (t) = 1, 

if j G J then 

VPi(xj(t)) ■ x'j(t) < -cos(e) 
since Xj(i) G Oj(e) for each < t < hrj. Thus, 

Pi(x n +i) - fii(xi) <h^r e - hcos(e)y^rj = h(ri - cos(e)rj) < 0. 
eei jeJ 
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□ 

We let 0\ := {fa > L + 2|r|}, then 

Proposition 3.10. fh r £ has a fixed point in K := H — IJILi ®i- 

Proof: We claim that if x G H - U" = i °i then for a11 m > °> /f™^) £ U£=i We 
first treat the case m = 1. Since <i(x, f$(x)) < \r\ we see that x £ H — UILi ^ implies 
Ur=i But if there exist an m - 1 such that y = /^"^(x) G U«Li(°* ~ i)> 
then fj; (x) = f$(y) $ Ur=i ®i Lemma [O] and the claim is proved. 

We find that the sequence {/^ (x)} is relatively compact and contained in K. Let 
j4 C K be the accumulation set for this sequence. This is a compact subset such 
that fg{A) C A. If does not have a fixed point in A then the continuous function 
9{x) := d(x, f^(x)), x G A is bounded away from zero. Let xo G A be a point where 
attains its minimum. However (since fa is a strict contraction) 

0(/ c (x o )) = d(f^x ),fl(x )) < d(x ,f(x )) = 9(x Q ), 

contradiction. □ 
We can now prove Theorem |3.2| . We first prove that 7 : M r — ► Q ss t is injective. This 
easily reduces to proving that if P, Q G M r with 7(P) = 7(Q), then P = Q. Let xi be 
the first vertex of P, x' x be the first vertex of Q, and £ = 7(P) = 7(Q)- Since P closes 
up, we have f^(x±) = x\. Since Q closes up, we have f^(x[) = x\. But, is a strict 
contraction, hence x\ = x' x . It follows immediately that P = Q. 

We now prove that 7 is surjective. Let £ G M s t. There exists x G H 3 with /g(x) = x. 
Let P be the n-gon with 7(P) = £ and first vertex x. Then P closes up and we have 
proved that 7 is onto the stable points. If £ is nice semi-stable but not stable, then 
£ = 7(P) for a suitable degenerate n-gon. Hence, 7 is surjective and Theorem |3.2| is 
proved. 

Remark 3.11. We have left the proof that the inverse map to 7 : M r — ► Q s t is smooth 
(resp. analytic) in the case M r is smooth to the reader. This amounts to checking that 
the fixed-point of fg depends smoothly (resp. analytically) on £. 

3.3. Connection with the conformal center of mass of Douady and Earle. In 

this section, we prove Theorem 1.8 of the Introduction. We begin by reviewing the 
definition of the conformal center of mass C{y) G H 3 , where v is a stable measure on 
S 2 = <9oolHI 3 . Here we are using 

Definition 3.12. A measure v on S 2 is stable if 

u({x}) < M x G s 2 . 

Here, \v\ is the total mass of v. 

We define the averaged Busemann function, b v : H 3 — > R, by 

b v {x)= [ b(x,H)dv(0. 
Js 2 
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We recall the following proposition ( [ pE| , [MZ, Lemma 4.11]): 

Proposition 3.13. Suppose v is stable. The b u is strictly convex and has a unique 
critical point (necessarily a minimum). 

Definition 3.14. The conformal center of mass C{y) is defined to be the above critical 
point. Thus, 

VMc» = o- 

The main point is the following, 

Lemma 3.15. The assignment v — ► C(u) is PSL2(C)-equivariant, 

C{g*v)=gC(v). 

Here g*v is the push-forward of v by g £ PSL(2,C). 

We now return to the set-up of the previous sections. We are given r = (n,...,r n ) 
and a stable configuration £ = £ (S 2 ) n . We have the dynamical system f tr> £ 

of the previous chapter, with fixed-point x = x(tr,£). We put v = Y17=l r i^(^ ~ &)j 
where 5 is the Dirac probability measure supported on the origin in M 3 . We now have, 

Lemma 3.16. 



d 



-Vb v . 



Proof: We abbreviate — V&(x,£j), the infinitesimal generator of the geodesic flow associ- 
ated to £j, to X. L . Thus we want to prove 

d 



i=l 



But if (ft and ipt are flows with infinitesimal generators X and Y respectively, then 



d_ 
~dt 



(p o tfj(x) 



d 2 



t=0 



dhdt 2 

d_ 
dt 2 

d_ 
dt~ 2 



ti=t 2 =0 



ip o Vt 2 (X) + — 
t 2 =0 dt l 

ta=0 dtl 



ti=0 



ti=0 



Recall that 
Hence, 



= y(a)+X(z). 

n 

ftr,i{x) = ^Xi(x). 



d 
~dt 



t=o 



i=l 



□ 

We are ready to prove Theorem 1.8 of the Introduction. We abbreviate — by X. 
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Theorem 3.17. Let x(tr,£) be the unique fixed point of f tr ^, < t < 1. Then 

lim x(tr,£) = Civ). 



Proof: We note that for£ = id. Hence, applying Lemma 3.1£, the Taylor approximation 
of f tr ^(x) around t = is 

ftr,d x ) = x + tx ( x ) + t 2 R(x, t) 

(where R(x,t) is smooth). Let ip{x,t) = X(x) + tR(x,t). By definition, the conformal 
center of mass C{v) is the unique solution of 

<p(x,0) = X(x) = 0. 



Since b v is strictly convex, if v is stable, [MZ, Corollary 4.6], C(v) is a nondegenerate 



zero of X and we may apply the implicit function theorem to solve 

<p(x, t) = 

for x as a function of t near (C(^),0). Thus, there exists 5 > and smooth curve, x(t), 
defined for \t\ < 5, satisfying 

(i) <p(x(t),t)=0 

(ii) x{ti) = C(y). 

But clearly, (i) implies ftr,^(x(t)) = x(t), < t < 5. Since the fixed-point of ftr£, < 
t < 1, is unique, we conclude x[t) = x(tr,£), < t < 5. Hence, 



limxftr, £) = limx(t) = Civ). 

t->0 t-+o 



4. The Symplectic geometry of M r (lHI 3 ) 



□ 



4.1. The Poisson-Lie group structure on B n . In this section we let G be any (linear) 
complex simple group, B = AN be the subgroup of the Borel subgroup such that N 
is its unipotent radical and A is the connected component of the identity in a maximal 
split torus over R, and K be a maximal compact subgroup. We will construct a Poisson 
Lie group structure on G which will restrict to a Poisson Lie group structure on B. For 



the basic notions of Poisson Lie group, Poisson action, etc. we refer the reader to [Lul|, 



[GWj, JEW], and |CP|. 



Let R g and L g be the action of g on G by the right and left multiplication respectively. 
Let q denote the Lie algebra of G, 6 be the Lie algebra of K and b be the Lie algebra 
of B. Then g = b © 6 and G = BK. Let pi (resp. pt,) be the projection on 6 (resp. on 
b). We define 1Z := pt — pt, and let i(, ) be the imaginary part of the Killing form on q. 
In the direct sum splitting g = t © b we see that 6 and b are totally-isotropic subspaces 
dually paired by (, ). 

Let E C°°(G). Define IV : G -> and L>V = G -» 5 by 
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(D<p(g),v) = j t \ t=0 <p(e tl/ g) 

for i/£g. 

We extend (, ) to a biinvariant element of C°°(G, S 2 T*{G)) again denoted (,). Now 
define Vip G C°°(G, T*(G)) by 

(Vip(g),x) = dip g {x),x G T g (G) 

We have 

Dtp(g) = dR-^tpig) 

D'ip(g) = dL- x Vip{g) = Ad g -iDip{g) 
The Sklyanin bracket {<p, ip} is defined for (p, ip G C°°{G) by 

W,iP}(g) = ^{{KD'v{g),D'i>{g)) - (KDip(g),Dip(g))) 
where 1Z = pt — pt,. 

Lemma 4.1. The bracket {ip,ip} is a Poisson bracket on C°°(G). 

Proof: See Theorem 1 of [tBTSfl , 

Let w G C°°(G, A 2 T(G)) be the bivector field corresponding to {•, •}. We now show 
that {-, ■} induces a Poisson bracket on C°°(B). 

Lemma 4.2. w(b) is tangent to B , i.e. w(b) G A 2 T b (B) C A 2 T(G) for all be B. 

Proof: It suffices to prove that if (p vanishes identically on B then {(p, ip} vanishes 
identically on B for each ip. However if ip vanishes identically on B then V(/?(6) G T^B 
for all b G B. Hence Dtp(b) G b, D'<p G b for each b G B. This implies that IZDip = —Dip, 
IZD'ip = -D'<p and 

2{^}{b) = -(D'ip(b),D^(b)) + (Dv(b),DiP(b)) 
But D'ip(b) = Ad b -iDcp(b), D'ip(b) = Ad b -iDip(b) and (,) is ^-invariant. □ 
For the next corollary note that T^(B) is a quotient of T b *{G). 

Corollary 4.3. Let it be the skew-symmetric 2-tensor on T*{G) corresponding to w. 
Pick b G B and a,f3 G T^{G). Then ir\b depends only on the images of a and (3 in 
T*(B). 

We will continue to use ir for the skew-symmetric 2-tensor on T*(B) induced by ir 
above. 

Remark 4.4. An argument identical to that above proves that w(k) is tangent to K . 
Hence {•, •} induces a Poisson structure on K . With the above structures K and B are 
sub Poisson Lie subgroups of the Poisson Lie group G. 
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We will need a formula for the Poisson tensor tt on B. We will use (,) to identify 
T*{G) and T(G). Under this identification T*{B) is identified to T b (G)/T b {B). We will 
identify this quotient with dR b t. We let ~k\ b denote the resulting skew-symmetric 2-tensor 
on dR b t. Finally we define vf r G C°°(B, (A 2 6)*) by 

n\ r b (x,y) = nlbidRbX^Rby), x,y£t 

We now recover formulae (2.25) of | ]FR| | (or |LR| , Definition 4.2]) for 7r r . 

Lemma 4.5. n\ r b {x,y) = (p t (Ad b -ix), p b {Ad b -xy)). 

Proof: Choose ip, ip G C°°(G) with Vcp(b) = dR b x and Vip{b) = dR b y. Then 
n\l(x,y) = TT\b(dR b x,dR b y) = n\ b (V(p(b),Vip(b)) 
= 7T\ b (dip(b),d^(b)) = W,?P}(b) 

= ^(KdL^VcpW^L-'V^b)) - ^(KdR-iVtpWidR^V^b)) 

= -^{T^^d b -ix,Ad h -iy) - ~(Kx,y). 
But x, y £ t implies (IZx, y) = 0. Hence, 

ft\b( x ,y) = -^{pt{ A db-^x),Ad b -xy) - -(p b (Ad b -ix),Ad b -iy) 

1 1 

= ^(Pi( A db-^), p b Ad b -iy) - -(p b (Ad b -ix), p t Ad b -iy) 

= (pt(Ad b -ix),p b (Ad b -iy)). 



The last equality holds by skew-symmetry, see [LR, Lemma 4.3]. □ 
We will abuse notation and drop the ~ and r in the notation for tt v henceforth. 

Remark 4.6. The Poisson tensor on K, ttk, induced from the Skylanin bracket on G is 
the negative of the usual Poisson tensor on K (see [ |FR| ], |Lul |j. Throughout this paper 
we letir K (k) = dL k X AY -dR k X AY, where X = J{ °] and Y = 3 (5 o) - 

We now give G n the product Poisson structure, hence B n inherits the product struc- 
ture. We introduce more notation to deal with the product. We let Qi C Q n = Q © ... © 
be the image of q under the embedding into i-th summand. For (p £ C°°(G n ) we define 

D& : G n -» 0i , :G n ^ dl 

as follows. Let g = (g%, ~.,gn) € G n and v 6 Qi, then 

(Di(p,u) = —\ t= Qip{g x ,...,e tv gi,...,g n ) 

{D[p,v) = ^\ t= Qip{gi,..., gi e tv ,...,g n ) 
Here we extend (, ) to Q n by 

n 

<<*,7> = X>,7i> 

i=l 
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for S = (Si, ...,<5 n ),7 = (71, ...,7„). We define <ij,Vj in an analogous fashion. Finally 
define the Poisson bracket on C°°(G n ) by 

W,i>}(g) = \jr[(KD'Mg),D^(g)) - (nD^( g ),D^( g ))]. 
i=i 

As expected we obtain an induced Poisson bracket on C oc (B n ) using the above formula 
with g G G replaced by b G B. 

Now let 7r be the Poisson tensor on G n corresponding to the above Poisson bracket. 
Let ir# G Hom(T*(G n ), T(G n )) be defined by /3(tt#(q)) = ir(a,0). Let <p G C°°(G n ). 
We have 

Definition 4.7. XTie Hamiltonian vector field associated to (p is the vector field X v G 
C QO (G n ,T(G n )) given by 

We will need a formula for X v . 
Lemma 4.8. Let g = (g u ...,g n ). Then X v ,(g) = (X 1 (g), ...,X n (g)) where 

Xi(g) = \[dR g JlDw{g) - dL g JlD'^{g)\. 

Proof: We will use the formula 

{<p,M = -dil>(X v ) = -{X v ,Vil>) 

Here V is the gradient with respect to (, ) on g n , see above, hence Vip = (Viip, V n V0- 
We have 

1 n 

W,^}( g ) = -Y,l(KD'Mg),D'Mg))-(nDMg),DMg))} 

i=l 

= l -j2[(KD'^{g),dL-^^{g)) - {HD i( p{g),dR^V^ig))] 
i=i 

1 n 

= - J2[(dL gi nD'Mg),VMg)) - (dR 9i KDw(g),V '^{g))\ 

i=l 

= ^((X^g), X n {g)), (VxVG?), V n ^( 5 ))> 
= l -{X v {g)^(g)) 

□ 

Remark 4.9. Since w(b) is tangent to B n the field X v (b) will also be tangent to B n . 
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4.2. The dressing action of K on B n and the action on n-gons in G/K. The 
basic reference for this section is [FR]. In that paper the authors take n = 2 and write 
G = KB. We will leave to the reader the task of comparing our formulae with theirs. 

In what follows we let G = SL 2 (C), K = SU(2), and B be the subgroup of G 
consisting of upper-triangular matrices with positive diagonal entries. We let pb,Pk be 
the projections relative to the decomposition G = BK. For the next theorem (in the 
case n = 2) see [FR, Formula 2.15]. 

Theorem 4.10. There is a Poisson action of K on the Poisson manifold B n given by 

k- (bi,...,b n ) = (b[, ...,b' n ) 
with b\ = pB(pK(kbi ■ ■ ■ 1 < i < n. 

Definition 4.11. The above action is called the dressing action of K on B n . 

Definition 4.12. For n = 1, we denote by B r = Kb the dressing orbit ofb, where b G B 
and d(b *, *) = r. 

We will also need the formula for the infinitesimal dressing action of 6 on B n . This 
action is given for x E t by 

x •(&!,••■ ,b n ) = (( 1 ,...,£ n )£T b (B n ) 

with & = dL bi p b Ad b -ip t Ad( bl ... b ._ 1 )-ix. Note that & G T b .(B). 

Remark 4.13. In order to pass from the K -action to the t-action observe that px(bg) = 
Pk{,9) an d PB(bg) = bpsig)- Accordingly we may rewrite the K-action as k-(b\, b n ) = 
(b[,...,b' n ) with 

b'i = bipsib' 1 p K {{bi ■ ■ ■ bi-i) _1 fc&i • • • &i-i)&i), 1 < i < n. 

Recall, * G H 3 is the element fixed by the action of K, K • * = *. Since B acts 
simply-transitively on G/K we have 

Lemma AAA. (i) The map $ : B n — * Pol n (*) given by 

6 n ) = (*,&]*, ...,61 • ••&„*) 

is a diffeomorphism. 

(ii) The map $ induces a diffeomorphism from {b G B n : b\ ■■■b n = 1} onto 
CPol n (*). 

We now have 

Lemma 4.15. $ is a K-equivariant diffeomorphism where K acts on B n by the dressing 
action and on Pol n {*) by the natural (diagonal) action. 

Proof: Let k ■ (bx,...,b n ) = (b'(, b'^) be the pull-back to B n of the action of K on 
Pol n (*). Then 

b'[* = kb\* 
b'lb'i* = kbib 2 * 
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b'[ ■ ■ ■ b n * = kh ■ ■ ■ b n * 

We obtain 

b'[---b'l = PB {kb l ---b l ) 
b" = PB{(b'[ ■ ■ ■ b'Ur l Kbi ■ ■ ■ bi)) = P B({p B (b'[ ■ ■ ■ Ci))" 1 ^ ■ ■ ■ 
= pB((pB(kh ■ ■ ■ • • • b^bi) = ps{pK{kbi ■ ■ ■ 

□ 

There is another formula for the dressing action of K on B n that will be useful. 

Lemma 4.16. With the above notation 

b'i = Pb( pk(- ■ ■ (PK {kbi)b 2 ) ■ ■ ■ 6j-i)&i) 
i-\ times 

Proof: Induction on i. □ 
We obtain a corresponding formula for the infinitesimal dressing action of t on B n . 
Lemma 4.17. x ■ (b±, b n ) = (£i, £ n ) where 

Ci = dL bi p b Ad b -iptAd,-i • • • p t Ad,-ix. 

i i—1 1 

We now draw an important consequence. 

Lemma 4.18. The map <3> induces a diffeomorphism between B™ = B ri x • • • x B Tn 
and the configuration space of open based n-gon linkages N r , where if b £ B™, then 
r = (n, .., r n ) and d(b\ ■ ■ ■ bi*, b\ - ■ ■ bi-±*) = ri, for all 1 < i < n. 

Proof: Let b G B™ be given. Then $(6) = (*, M, b x ■ ■ ■ bn*). The if -orbit of $(6) is 

[*,kh*, ...,k(bi---b n )*] 

The i-th edge ei of 3>(&) is the geodesic segment joining kb\ ■ ■ ■ bi-i* to kb\ ■ ■ ■ bi*. Clearly 
this is congruent (by kb\ ■ ■ ■ to the segment connecting * to hi*. □ 

Corollary 4.19. The symplectic leaves of B n map to the configuration spaces N r under 
Proof: The B™ are the symplectic leaves of B n . □ 
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4.3. The moduli space M r as a symplectic quotient. We have seen that <1> induces 
a diffeomorphism from {(pi, b n ) G B™ : b\ ■ ■ ■ b n = 1}/K to the moduli space M r of 
closed n-gon linkages in H 3 modulo isometry. In this section we will prove that the map 
<p : B n — * B given by cp(bi, • • • , b n ) = b\ ■ ■ ■ b n is a momentum map for the (dressing) 
K action on B n . Hence, M r is a symplectic quotient, in particular it is a symplectic 



manifold if 1 is a regular value by Lemma 4.24 below 



The definition of a momentum map for a Poisson action of a Poisson Lie group was 
given in |Lul|. 



Definition 4.20. Suppose that K is a Poisson Lie group, (M, tt) is a Poisson manifold, 
and K x M — > M is a Poisson action. Let x G t, a x be the extension of x G 6 = (£*)* 
to a right-invariant 1-form on K* , and x be the induced vector field on M. Then a map 
ip : M — > K* is a momentum map if it satisfies the equation 

# * 
— TT^if a x = x 



Remark 4.21. For the definition of K* , the dual Poisson Lie group, see [ Lul |. In 
our case K* = B. 



The next lemma is proved in [Lul] and | Lu3 |. We include a proof here for completeness. 



Lemma 4.22. Suppose that M is a symplectic manifold, K is a Poisson Lie group and 
K x M — » M is a Poisson action with an equivariant momentum map ip : M — » K* . 
Assume 1 is a regular value of ip. Then ip~ 1 (l)/K is a symplectic orbifold with the 
symplectic structure given by taking restriction and quotient of the symplectic structure 
on M. If we assume further that the isotropy subgroups of all x G <p~ l (l) are trivial then 
ip^ 1 (l)/K is a manifold. 

Proof: Let oj be the symplectic form on M and m G C M. Let V m be a 

complement to T m (/? -1 (l) in T m M. Let 6 • m C T m M be the tangent space to the orbit 
K ■ m. Hence 6 m = {x(m) : x G 6}. We first prove the identity 

uj m x(m) = -<p*a x \ m 

Here we use u m to denote the induced map T m M — > T^M as well as the symplectic 
form evaluated at m. Indeed we have the identity 

# * 

Applying u> we get 

lux = —ip*a x 

We claim that if m G the 6 • m is orthogonal (under u; m ) to T m (y? _1 (l)), in 

particular it is totally-isotropic. Let x(m) G t • m and -u G T m (9J -1 (l)). Then 

u m (x(m),u) = -(p*a x \ m (u) = -a x \ m (dp m u) 

But dip m u = and the claim is proved. Hence, the restriction of oj m 

descends to T m (<p- X (l)) /t ■ m = T K . m {<p- l (l) / K). We now prove that the induced form 

is nondegenerate. 
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To this end we claim that t • m and V m are dually paired by u m . We draw two 



conclusions from the hypothesis that 1 is a regular value for (p. First by [FR, Lemma 
4.2] the map t —* 6 • m given by x i— ► x(m) is an isomorphism. Second, £^ m : T^n — * t* is 
an isomorphism. Let {x\, ...,xn} be a basis for t, whence {xi(m), ...,XAr(m)} is a basis 
for 6- m. We want to find a basis {v%, ...,vn} for so that u m {xi(m),Vj) = Choose 
a basis {«i,...,vjv} for V m such that {dip m vi, d(p m v^} C fc* is dual to {xi, Xj\r}- 
Then 

a; m (xi(m),Uj) = -<p*a Xi \ m (vj) = -a Xi \ m (d(pVj) = -dtpvjfa) = 

As a consequence of the previous claim, the restriction of u> m to t-m(BV m is nondegener- 
ate. We then have the orthogonal complement (t-m®V m ) is a complement to t-m®V m 
and io m \(t ■ m © Vm) 1 - is nondegenerate. But then (6 • m © Vm)" 1 maps isomorphically to 

We will also need 

Lemma 4.23. <p(m) is a regular value for tp if and only ifi m = {x£t: x(m) = 0} = 0. 



Proof: Let x G 6. Then a; G (Imd^lm)- 1 44> = 44> = -7T(/?*Q a; = x(m). □ 

We now begin the proof that (p is a momentum map for the dressing action of i<C on 
B n . We will need some notation. Let x £ t = b*. Recall that a x is the extension of x to 
a right-invariant 1-form on B. Thus if £ € T b {B) we have 

a*|fc(C) = (dRbX,Q- 



Lemma 4.24. — 7r*a x |b = dL b p b Ad b -ix. 



Proof: Let y E 6. It suffices to prove that 

7T 1 6 (a x (b),a y (b)) = -a y \ b (dL b p b Ad b -ix) 

Now 

n\b(a x {b),a y (b)) = ir\ b (dR b x , dR b y) = ir r \ b (x,y) = (p t (Ad h -i x), p b (Ad b -\y)) 
according to Lemma [O]. Also 

-a y \ b (dL b p b Ad b -\x) = -{dR b y,dL b p b Ad b -ix) 
= -{Ad b -iy,p b Ad b -ix) = -(p t Ad b ~iy, p b Ad b -ix) = (ptAd b -ix, p b Ad b -iy) 

□ 

Lemma 4.25. ip*a x \ b = (a xi \ bl , ■ ■ ■ , a Xn \ bn ), where x\ = x and Xi = pe(Ad( bl ... b ._ 1 )-ix), 
2<i<n. 



Proof: We will use the following formula (the product rule). Let b = (pi,...,b n ) and 
C = (Ci>->C»)€7Ufl»). Then 

dfb(0 = {dR b2 ... bn (i + dL bl dR b3 ... bn ( 2 H h dL bl ... bn _ l ( n ) 
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Hence 

(v*«x)|&(C) = °tx\bi-b n (dRb 2 ...b n (i + dL bl dR ba ... bn ( 2 + h dL bl ... bn _ 1 C n ) 

= (dR bv .. bn x,dR b2 ... bn (x) + (dR bl ... bn x,dL bl dR b3 ... bn ( 2 ) H 

+ (di?6i ■ ■ -6 n x, dL bl Cn) 
= (<iR 6l x, Ci) + (dR b2 Ad b -ix, C2) H h (d-R&„ Ad (bl ... 6n _ l) -ia;, Cn) 

n 

Proposition 4.26. ip is an equivariant momentum map for the dressing action of K on 
B n . 

Proof: To show that ip is a momentum map we have to check that 

-7C*(p*a x \ b = x ■ (&i, ...,b n ) 

But —7r#ip*a x = (—TT^a Xl , • • • , — 7r*a 2:n ) and the result follows from the previous two 
lemmas. To show that ip is equivariant we have to check that ip(k- (b±, b n )) = k-b\...b n . 
This is obvious from the point of view of polygons. □ 

As a consequence of the above proposition we obtain 

Theorem 4.27. The map $ carries the symplectic quotient (</?|s« diffeomor- 
phically to the moduli space of n-gon linkages M r . 

Remark 4.28. We obtain a symplectic structure on M r by transport of structure. 

4.4. The bending Hamiltonians. In this section we will compute the Hamiltonian 
vector fields Xf. of the functions 

f j (b)=tr((b 1 ---b j )(b 1 ---b 1 )*), l<j<n. 

Throughout the rest of the paper, we will assume G = 6X2 (C). Then G = BK, where 
B = {{I a z -i) G SL 2 (C)\a G R + , z G C} and K = SU(2). 

We will use the following notation. If A G M m (C) then A = A - ±tr(A)I will be 
its projection to the traceless matrices. 

Theorem 4.29. Define Fj : B n -» t for b = {h,b 2 , b n ) by 

F j (b) = V=l[(bi---b j )(b 1 ---b j )*}° 

Then Xf.(b) = (Fj(b) ■ (b±, ...,bj),0, ...,0) where ■ is the infinitesimal dressing action oft 
on B 3 , see 



Proof: It will be convenient to work on G n and then restrict to B n . By the formula for 
Xtp of Lemma 4.8 it suffices to compute Difj and D[fj. We recall that 

D'Mg) = Ad g -i Di<p(g) 
hence it suffices to compute Difj(g). We first reduce to computing D\fj by 
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Lemma 4.30. Difj(g) = Ad( gi ... g ._ 1 < ) -iDif j (g). 
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Proof: By definition 

( D ifj(g),v) = ^j\t=i)fj{9i,--,e tv 9i,--;9n) 
But it is elementary that 

fj(9i, ■■■,e t "gi,...,g n ) = fj((Ad gi ... gt _ 1 e t,/ )g 1 ,...,g n ) 
Differentiating at t = we obtain 

(Difj{g),v) = {D 1 f j {g),Ad gi ... g% _ 1 v) = (Ad {gi ... gi _ l) -iD 1 f j (g),u) 

We next have 

Lemma 4.31. D x fj(g) = Fj(g). 
Proof: By definition 

(DifM") = ^\t=otr[(e t »g 1 ---g j )(e t »g 1 ---g j y] 

= tr[(vgi ■ ■ -gj){gi ■ ■ ■ gj)* + (gi ■ ■ -gj){yg\ ■ ■ -gj)*] 
= tr[{ugi ■ ■ ■ gj )(gi ■ ■ ■ gj)*] + tr[(v gi ■ ■ ■ 9j ){gi ■ ■ ■ gj)* 



□ 



= tr[(vg! ■ ■ ■ gj){gi ■ ■ ■ gj)*} + tr[(vg x ■ ■ ■ gj)(g x ■ ■ ■ gj )*\ 

= 2Retr[(ug 1 ---gj)(g 1 ---g j )*] 

= 2ImV^ltr[v(gx ■ ■ ■ g j )(g 1 ■ ■ ■ gj)*] 

Since v € s^C) we may replace 

(51 • • --gj)* 

by its traceless projection 

[{gi---9i){gi---9iT? ■ 

Since tr is complex bilinear we obtain 

(D 1 f j (g),u) = 2Imtr{v^i[{g l ---gj){g 1 ---gj)*f) 
= (V^l[(gi---g 3 )(gi---g 3 y] ,v)- 

□ 

Now we restrict to B n and substitute into our formula for Xf. (b) in Lemma iJS. We 
obtain 

Lemma 4.32. (Xf.)i = {D\fj{b) ■ (pi, b n ))i= the i-th component of the infinitesimal 
dressing action of D\fj(b) G t. 
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Proof: By Lemma 4.8 we have 

(*>,)< = ^[dR^KDJjib) - dL^KD'J^b)} 

= ^[dR bi KAd (bl ... bi _ l) -iD 1 f j (b) - dL h TZAd b -xAd (bl ... bi _ l) -xD l f j (b)] 

We write 

A d^... b ._ l) -iD l f j {})) = X x + 771 
with X\ G 6 and 77 E b. Hence 

Xa = p e (Ad (6l „. 6i _ l) -iZ) 1 / i (6)) 
771 =p(,(Ad (6l ... 6 ._ 1 )-iZ)i/ j (6)) 

Then 

^d {6l ... 6i _ l) -i J Di/,(6) = Xi-7 7 i 

We write 

Ad 6 -iXi = X 2 + 7/2, X 2 e 6, % e b 

i 

Then X 2 = pt(Ad, -1X1), i] 2 = Pb(Ad bT iX\) and 

Ad b -i (Xx + m)=X 2 + V2 + M b -irn 

Hence 

KAd b -iAd {b b } -i DxfjQ)) = X 2 - m - Ad b -ir)i 

= X 2 + 772 - 2772 - Ad h -i7]x 

i 

= Ad bT iX\ — 2rj 2 — Ad b - 1771 

Hence 

(X/^i = r^bi^i - dRhVl ~ dL bt Ad b -iX 1 + 2dL 6i 77 2 + dL bi Ad b -i m ] 
But dL bi Ad b -i = dR bi and we obtain 

(X fj )i = dL b .r]2 

Since 7/2 = p\,(Ad b -i pi(Ad( bl ... bi _ 1 yiDi f j(b))) the lemma follows. 
With this Theorem [4.29| is proved. 
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4.5. Commuting Hamiltonians. In this section we will show the functions 

f j (b)=tr((b 1 ---b j )(b 1 ---b j T), l<j<n 
Poisson commute. The proof is due to Hermann Flaschka. 
Proposition 4.33. {fj, f k } = for all j, k. 

Proof: Again we will work on G n and then restrict to B n . Without loss of generality we 
let j < k. 



Recall from Lemma 4.30 



Difj(g) = Ad( jn ... gi _ 1 )-iD 1 f j (g). 

It is easily seen that 

Difj(9) = DLifM, for 1 < i < j. 

We now have, 



1 n 

1=1 

1 j 



i=l 

= - {nD x fj{g),Dxfk{9))\ 

= i [{KAd( gi ... g .)-iD 1 fj(g),Ad( gi ...g.yiD 1 f k (g)) - (JlD 1 f j (g),D 1 f k (g))} 

= \(R-Ad {gi ... 9j) -iD 1 f j (g), Ad {gi ... gj) -iDif k (g)) 

since D\fi{g) £ 6 for all i. The proposition follows if we can show 
(TlAd {gi ... g . ) -xD 1 f j (g),Ad {gi ... g . ) -xD 1 f k (g)) = 0. 



It follows from the proof of Theorem 4.29 that 



Ad (gi-9i)- lD ifj(9) = \^Ad {gi ... gj) -i[(g 1 ---g j ){g 1 ---g j )*] 
= V=l[(gi---g j y(gi---g j )}°et 

Hence, 

{fjJkHg) = (nAd {gi ... g ^ 1 D 1 f)(g),Ad {gi ... g ^ 1 D 1 f k (g)) 
= ( Ad (gi-g J )~ lD tfj(9),Ad {gi ... gj) -iD 1 f k (g)) 
= (D 1 f j (g),D 1 f k (g)) 
= 

since (, ) is Ad- invariant. This proves the proposition on G n . The result then holds when 
we restrict to B n . □ 
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4.6. The Hamiltonian flow. In this section we compute the Hamiltonian flow, cpi, 
associated to fy. 

Recall from Theorem 4.29 the Hamiltonian field for is given by Xf.(b) = (Fj(b) ■ 
(pi, bj), 0, 0) where • is the infinitesimal dressing action of K on B n . We now need 
to solve the system of ordinary differential equations 



(*) 



^ = (F j (b)-(bi,...,b j )) l , l<i<j 
$ = 0, j + 1 < i < n 



Lemma 4.34. D\fj(b) = Fj(b) is invariant along solution curves of (*). 

Proof: It suffices to show ipj(p) = b\- ■ - bj is constant along solution curves. 
Let b(t) = (pi(t), b n (t)) be a solution of Xf.. Then 

j t vMt)) = ^Mt) • • • + - + - + h(t)b 2 (t) -..^(t) 

= -[(KDif^bmhV -bi(t)nD' 1 f j (b(t)))b 2 (t)---b j (t) 

+bi(t)±[(KD 2 f j (b(t)))b 2 (t) - b 2 (t)KD' 2 f (b(t))\Ut) ■ ■ ■ &;(*) + ■ ■ ■ + 

+h(t)b 2 (t) ■ ■ ■ bj^w-ioWjfMtWjV) - hmv'ifMt))] 

= lynDMbmwt) ■ ■ ■ hit) -h(t)--- bjmwfMt)))] 

= \[(Dif 3 W)))bi(t) • • • bj(t) - h(t) ■ ■ ■ bjit^fjibit)))} 

= liWMWMt) ■ ■ ■ b 3 (t) - h(t) ■ ■ ■ b j (t)(Ad {bl ... bj] - 1 D 1 f,(b(t)))} 

= \[(DifM-t)))bi(t) • ■ • bj(t) - (DxfMmhit) ■ ■ ■ hit)} = 
Thus ip(b) is constant along solution curves of Xf., proving the lemma. □ 

Remark 4.35. It also follows from the previous proof that fj(b) is constant along solu- 
tion curves of (*). 

Let b = (q a -i ) with a 6 R+ and z £ C, then it follows from a simple calculation 
that 

det(F x (b)) = ^(a 4 + a" 4 + |z| 4 - 2 + 2a 2 \z\ 2 + 2a~ 2 |z| 2 ). 

Since a > we see that a 4 + a~ 4 > 2 with equality if a = 1. Therefore, det(F\(b)) > 
with equality iff b = 1. From the above argument it follows that det(Fj(b)) > with 
equality iff bi ■ ■ ■ bj = 1. 

It is also an easy calculation to show 

det(F 3 (b)) = \f 3 {b) 2 -l, Vb£B n 
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Lemma 4.36. The curve exp(tFj(b))is periodic with period 27r/y \fj{b) 2 — 1 
Proof: To simplify notation, let X = Fj(b) £ t. Then 



"V — 1 ~ X 

det(X) 

giving us 



1 



X 2 = -{detiX^X^X = -det{X)I 



So, 

exp tX = 



°° t n X n 



n=0 



^ (-ir(tdet(X)T f> (-ir(tdet(X)r X 
h (2^)! + ^ (2n + l)! y ^(X) 



. . sin ity/ det{X) 
cos / + V 



, ,- x sin ( t J\f (bf-l) 

= cos(tJi/#) 2 -l )l+ V I > F {b) 



Therefore the curve is periodic with period 2-7r/y \fj{b) 2 — 1. □ 
We can now find a solution to the system (*) 

Proposition 4.37. Suppose P G M r /ias vertices given by b\, 6 ra . TTien P(t) = <p\.{P) 
has vertices given by b\(t), ...b n (t) where 

hit) = (exp(tFj{b)) ■ (6i, bj))i, 1 <i < k 

bi{t) = bi, k + 1 < i < n. 
Here ■ is the dressing action of K on B>i . 

Proof: This follows from Fj(b) being constant on solution curves of (*). We can see 
immediately that the bj's are solutions curves of our system of ordinary differential 
equations. □ 



Corollary 4.38. The flow ip\{P) is periodic with period 2tt/ J \fj{b) 2 — 1. 



Remark 4.39. // the k-th diagonal is degenerate (b±- ■ • 6& = I) then P is a fixed point 
of ip\ . In this case the flow has infinite period. 
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Let 4(6) = 2cosh- 1 (i/ jt (6)), then 



dlk = i =dfk 



and consequently 

X i h = X fkl\J\fl ~ 1 

where Xi k is the Hamiltonian vector field associated to t\~. Since fj is a constant of 
motion, Xi h is constant along solutions of (*) as well. Let be the flow of X% k . We 
have the following 

Proposition 4.40. Suppose P G M' r has vertices bi,...,b n . Then P(t) = *|(-P) has 
vertices b\(t), ...,b n (t) given by 

h{t) = exp((tF i (6))/^/|/ fc (6) a - l) • 1 < i < k 

bi(t) = bi, k + 1 < i < n 
where ■ is the dressing action of K on B n . 

Thus is periodic with period 2tt and rotates a part of P around the &-th diagonal 
with constant angular velocity 1 and leaves the other part fixed. 

4.7. Angle variables, the momentum polyhedron and a new proof of invo- 
lutivity. We continue to assume that our n-gons are triangulated by the diagonals 
{dii, 3 < i < n— 1}. We assume P G M° so none of the n — 2 triangles, Ai, A2, A n _2> 
created by the above diagonals are degenerate. We construct a polyhedral surface 
S bounded by P by filling in the triangles Ai, A2, A n _2- Hence, Ai has edges 
e\, e2,andcii3, A 2 has edges di3, e3,andc?i4, and A n _2 has edges e n _i,ande n . 

We define Q{ to be the oriented dihedral angle measured from Aj to A^+i, 1 < % < 
n — 3. We define the i-th angle variable 6% by 

9i = it — 9i, 1 < i < n — 3. 

Theorem 4.41. {9\, n -%\ are angle variables, that is we have 

(i) {4,%} = <% 

(ii) {e i ,e j } = o. 

Proof: The proof is identical to that of jKM2| , §4]. □ 



We next describe the momentum polyhedron B r for the action of the above (n-3)- 
torus by bendings. Hence, 

B r = {£(M r ) C (M> ) n - 3 : I = {h, ...,4- 3 )}- 

Let (£1, ...,4-3) G (M>o) n_3 be given. We first consider the problem of constructing 
the triangles, Ai, A2, A n _2 above. We note that there are three triangle inequalities 
Ei(£,r), 1 < i < n — 2, among the r»'s and £j's that give necessary and sufficient 
conditions for the existence of Aj. Once we have obtained the triangles Ai, A2, A n _2, 
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we can glue them along the diagonals du, 3 < i < n — 1, and obtain a polyhedron surface 
S and a n-gon P. We obtain 

Theorem 4.42. The momentum polyhedron B r C (IR^o)™ -3 is defined by the 3(n — 2) 
triangle inequalities 

\ri - r 2 \ < £\ < ri + r 2 
- r 3 | < £ 2 <h+r 3 

|^n-4 - r„_ 2 | < 4-3 < 4-4 + r n - 2 

|r„_i - r n | < £ n - 3 < r n _i + r„ 
Here r = (ri, r n ) zs /iired, £/ie £j 's, 1 < z < n — 3, are i/ie variables. 
As a consequence we have 

Theorem 4.43. T/ie functions £i,£ 2 , ■■■,£ n -3 on M r are functionally independent. 

The theorem follows from Corollary 4.45. We will apply the next lemma with M = 
£~ 1 (B°), the inverse image of the interior of the momentum polyhedron under £ = 
(£ u £ 2 , -Jn-s)- Then M ~ B° x (S 1 )™" 3 . 

Lemma 4.44. Suppose M = M° is a connected real-analytic manifold and F = 
•■•>/*;) : ^f n — ¥ ^ fc > n > k, is a real-analytic map such that F(M) contains a k-ball. 
Then the 1-forms df±, ...,dfk are linearly independent over C°°(M). 

Proof: Since the 1-forms dfi, df 2 , dfk are real-analytic, the set of points x £ M such 
that dfi\ x , dfk\ x are not independent over M. is an analytic subset W of M. Let 
M° = M—W. Hence either M° is empty or it is open and dense. But by Sard's Theorem, 
F(W) has measure zero. Since F(M) does not have measure zero, M ^ W and M° is 
nonempty, hence open and dense. Therefore, if there exists <pi,...,(pk £ C°°(M) such 
that Yli=i <Pidfi = then ipi\M° = 0, 1 < i < k, and by density ipi = 0, 1 < i < k. □ 

Corollary 4.45. The restrictions ofd£\,d£ 2 , ...,d£ n s to M C M r are independent over 
C°°{M). 

Remark 4.46. Since £ is onto, if there exists $ G C°°(B r ) such that &(£i(x), £k{x)) = 
0, then $ = 0. 

We conclude this chapter by giving a second proof that the bending flows on disjoint 
diagonals commute. Since M° is dense in M r , it suffices to prove 

Lemma 4.47. *f(**(P)) = **.(*|(P)), for P G M r °. 

Proof: We assume i > j- We observe that the diagonals dii and c?ij divide the surface S 1 
into three polyhedral "flaps", /, II, 777 (the boundary of / contains e±, the boundary 
of II contains a, and the boundary of III contains e-,-). Let Rf and P* be the one 
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parameter groups of rotations around du and dy, respectively. We first record what 
\J/| o does to the flaps. 

*fo^.(I)=i?fi?*(J) 
o = i2f (//) 

*j o j) = m 

Now we compute what ^ o $| does to the flaps. The point is, after the bending 
on du, the diagonal d±j moves Rfd\j. Hence, the next bending rotates / around Rfd\j. 
Hence, the next bending curve is Rf o R l - o R^ s . We obtain 

* t j o^(I) = (R°RtR-°)R°(I) 

**o *|(/7) = R!(ii) 
¥j o *|(/JJ) = ill. 

□ 

5. Symplectomorphism OF M r (E 3 ) AND M r (EI 3 ) 



Recall r is not on a wall of -D n . Then by Theorem p.2| of this paper, the hyperbolic 
Gauss map 7 = 7/1: M r (IH 3 ) — > Q ss t(r) is a diffeomorphism. Moreover by Theorem 2.3 
of [KM2], the Euclidean Gauss map 7 e : M r (E 3 ) — > Q ss t(r) is also a diffeomorphism. We 
obtain 

Theorem 5.1. Suppose r is not on a wall of D r , then the composition J7 1 o j e : 
M r (E 3 ) —* M r (H 3 ) is a diffeomorphism. 

Remark 5.2. The result that M r (E 3 ) and M r (H 3 ) are (noncanonically) diffeomorphic 
was obtained by 



It does not appear to be true that r y h 1 o ^ e is a symplectomorphism. 

5.1. A Formula of Lu. In the next several sections we will prove that M r (EI 3 ) is 
symplectomorphic to M r (E 3 ). 

We first define a family of nondegenerate Poisson structures n e , e G [0,1], on the 
2-sphere, S 2 ~ K/T. Letting u e be the corresponding family of symplectic forms we 
show the cohomology classes [u e ] of uj e in H 2 (S 2 ) are constant. 

Fix A G R+ and A = X A Y G A 2 t, where X = \ ( \ \) and Y = \ ( Q *) . The 
following family of Poisson structures 7r e on K/T ~ S 2 for e G (0, 1] are due to J.-H. Lu 
[ Lu| . 

vr £ = e[iT 00 - r(e)7r ] 

where ir^ = p*itK = P*(dL k A — dR k A), r(e) = 1 _^ 4gA , and ttq = 2dh k A. Here p : K —> 
K/T is the projection map. Then 

7T € (k) = e{dL k A - dR k A) - _ 2 ^ 4eA dL k A. 
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Lemma 5.3. 

Proof: The proof of the lemma is a simple application of L'Hopital's rule. 

Lemma 5.4. n e is nondegenerate for e S [0, 1]. 

We will prove Lemma 5.4 in Proposition 5.23| , where we show (K/T,TT e ) is symplec- 
tomorphic to a symplectic leaf of the Poisson Lie group (B e ,7fs e ) 

We leave it to the reader to verify the Poisson structures on S 2 can be written 

^ = -(l + a 2 +/3 2 )-A-. 

and 

IO = _ (1 + a2 + /3 y_ A _ 

where (a, f3) are coordinates obtained by stereographic projection with respect to the 
north pole (see |LW| |), iioo is the Bruhat-Poisson structure on K/T. We now let u) t be 
the symplectic form obtained by inverting 7r e (this is possible since 7r e is nondegenerate) . 

—da A d(3 

Ue = e(i(l + a 2 + /3 2 ) - ±r(e)(l + a 2 + /3 2 ) 2 ) ' CG( ' J 
Let wo be the limiting symplectic structure 

da A dj3 



^-- 8A (l +a 2 +/3 2 )2 



Lemma 5.5. 



Proof: 



I 

/ = / 

Jr 2 Jr 2 



uiq = — 8ir\ 



da A dj3 

-OA 



-8A 



(l+Q 2 +/3 2 ) 2 

2w rr=0O rdrAd6 



-16vrA 
-8vrA 



e=0 Jr=0 (1 + r 2 ) 2 
(l/2)du 



u=l u2 



□ 



Lemma 5.6. 



uj e = _8vrA, e G (0, 1] 
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Proof: Note that r(e) < 0. Then 

2 f da Ad/3 



e J R 2 (1 + a 2 + /? 2 ) - r(e)(l + a 2 + /3 2 ) 2 
"=2tt /-r=oo rdrAdO 



eJ e =o J r=0 (l + r 2 )-r(6)(l+r 2 ) 2 
4vr f u= °° (l/2)du 



e 7 u= i u-r(e)« 2 ) 



r(e) - 1 



2vr 

log 

e 



~ log(e 4eA ) 



r(e) 



= -8vrA 
We have proved the following 

Lemma 5.7. The cohomology classes [u e ] of uj e in are constant. 



□ 



Remark 5.8. The previous lemma is a special case of Lemma 5.1 of |GW |. 



5.2. Symplectomorphism of (X^(e), 7Tb e ) and (K/T, ir\ e ). In this section we obtain 
the Poisson structure 7r e from a deformed Manin triple (g e ,£, b e ). 

For e > 0, we define the isomorphism f € : Q e — > q by f € = p^ + ept,, so that f e (X + ^) = 
X + e£ for I 6 t and £ G b. We will define a Lie bracket on Q e by the pullback of the 
Lie bracket on g, [u,v] e = fi/ € [f t u, f e v]. We also define (,) e as the pullback of (,). Here 
[, ] and (, ) are the usual structures on g. We define B e : g — > g* as the map induced by 
(, ) e . To simplify notation, the subscripts will be dropped when e = 1. 

The following lemma gives us a formula for the Lie bracket on g t . 

Lemma 5.9. [X+a,Y+[3} e = [X, Y] +ep t [X, 0\ + e Pi [a, Y] + Pb [X, 0] + Pb [a, Y] + e[a, 0\, 
where X, Y £ t and a, (3 £ b. 

Proof: 

{X + a,Y + (3} £ = f 1/e [f £ (X + a),f e (Y + P)} 
= f 1/e [X + ea,Y + e(3) 
= f 1/e {[X, Y] + e[X, (3] + e[a, Y] + e 2 [a, 0\} 

= f 1/e { [X, Y]+e Pt [X, (3} +e Pb [X, [3}+ep t [a, Y] +e Pb [a, Y}+e 2 [a, f3}} 
= [X, Y) + ep t [X, f3] + e Pt [a, Y] + p b [X, [3] + p b [a, Y] + e[a, (3] 

□ 

We leave it to the reader to check 
Lemma 5.10. (, ) e = e(,) 
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Let G e be the simply-connected Lie group with Lie algebra Q e . Let F e : G t —* G be 
the isomorphism induced by f e . We have a commutative diagram of isomorphisms. 



fe 



exp e 



a 



cxp 



G 



Let x £ Q e . We use the identity map to identify g and q € as vector spaces. In what 
follows, we will make frequent use of 



Lemma 5.11. Ad(ex.p e x) = Ad(ex.p ex) as elements in GL(b) for all x G b t 
Ad denotes the adjoint action of G t on Q e . 



b. Here 



Proof: By |Wa], pg. 114], 

Ad(exp £ x) = e^ dx 

^eadx 
_ e ad{ex) 

= Ad(ex.p ex) 

□ 

Given our deformed Manin triple on G e , (g e , t,b e ), we will construct a Poisson struc- 
ture TTB e on B e , the simply-connected Lie group with Lie algebra, b e . We will denote all 
quantities associated to the deformed Manin triple with a hat ~ . 

We define the Poisson Lie structure on B t by the Lu-Weinstein Poisson tensor | LW | 

Tr Be (b)(dR b -iax,dR b -ia Y ) = (pt(Ad b -iB~ 1 (a x )), Pb{Ad b -iB~ l (a Y ))) e 
where «x, ay G b*, ax = {X, -)i and ay = (Y, 

Remark 5.12. Since lim e _ > o())e = 0, it appears as if the limiting Poisson structure 
lim e ^o'^B £ w iH vanish. However, we will see in Proposition 5.14 that the limiting Poisson 
structure is associated to the Manin triple ($o,t,bo) and (,}q = ^| e=0 (>)e- 

We denote by 7Tb £ the Poisson structure on B e using the scaled bilinear form -(,)<= = 
(,). Then 

-K B ,(b)(dR b -iax,dR b -iay) = (p t (Ad b -iB 1 ' 1 (ax)), Pb(Ad b -iB^ 1 (a Y ))} 

where ax, ay G b*. For the following we will let X e = B~ 1 (ax) G t, again dropping the 
subscript when e = 1, so that X e = -X. 

Lemma 5.13. 7?d = ^ttb. 
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Proof: 

Tr Be (b)(dR b -ia x ,dR b -ia Y ) = {pt(Ad b -iX e ), p b (Ad b -iY e )) e 

= (pi{Ad b -i-X),p b {Ad b -x-Y)) e 
e e 

= - e (p t (Ad b -iX),p b (Ad b -iY)) 

□ 

Proposition 5.14. lim e ^o {b){dR b -i ax, dR b -i ay ) = —(logb,[X,Y]). 
Proof: 

lim.TCBe(b)(dR b -iax,dR b -ictY) = lira -(pt(Ad b -iX), p b (Ad b -iY)) 

1 

= lim -21 mtr(pt(Ad e -c i og bX)p b (Ad e -e i og tY)) 
e 

= lim2Imtr(p i (Ad e -eio g bX)p b (-logbY + Ylogb)) 

= -2Imtr(Xp b [logb,Y]) 
= -2Imtr(X[logb,Y}) 
= -2Imtr(logb[X,Y}) 
= - (log b,[X,Y}) 

□ 

Remark 5.15. Before stating the next corollary, note that the limit Lie algebra bo is 
abelian whence the limit Lie group Bq is abelian. Hence, exp : bo = T (Bq) — * Bq is 
the canonical identification of the vector space Bq with its tangent space at the origin. 
Hence, exp is an isomorphism of Lie groups and expj carries invariant 1- forms on Bq 
to invariant 1-forms on bo- 

Corollary 5.16. lim e _^o7TB E * s the negative of the Lie Poisson structure on t* ~ bo 
transferred to Bq using the exponential map on the vector space Bq. 

Proof: The proof is left to the reader. 

Remark 5.17. (K,eiTK) is the dual Poisson Lie group of (B e , 7?B e ). 

We will denote the dressing action of K on B e by and the infinitesimal dressing 
action of t on B e by d\. By definition df(b)(X) = 7?B e (•, olx)- We then have the following. 

Lemma 5.18. d{{b)(X) = \d\b){X) 

Proof: Follows immediately from Lemma [5.13| and the definition of dressing action. □ 
Remark 5.19. lim e ^ 4 (b)(X) = ad*{X){log b) 
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For the remainder of the section, fix A G R+ and a = exp e \H G B e , where H = 
diag(l,— 1) G o e . Let : if — ► E A C B e be the map defined by ip e (k) = D~(k)(a) = 
PB,,(k*a), where E A is the symplectic leaf through the point a G B e . The map (p e induces 
a diffeomorphism from K/T onto T, e x which we will also denote by <p e . Recall the family 

of Poisson tensors on K/T given in § |5,1| 

7r A , e = e(7roo - r(eA)7r ). 

Lemma 5.20. The map (p e : K/T — > i? e is K-equivariant, where (K,€7Tk) acts on 
(K/T, TTxe) by left multiplication and B e by the dressing action. 

Proof: Ve (g ■ k) = Di(gk)(a) = D'(g)(Di(k)(a)) = g ■ Ve (k). □ 

Remark 5.21. The action of (K, €ttk) on (K/T, 7r\ i€ ) by left multiplication is a Poisson 
action. 

Since K/T is a symplectic manifold, there is a momentum map for the action of K 
on K/T, sec fLul , Theorem 3.16]. We will see as a consequence of Proposition |5.23| 

Lemma 5.22. The momentum map for the action of (K, eirx) on (K/T, ir\ t€ ) is tp e . 
Proposition 5.23. The map ip e induces a symplectomorphism from (K/T, tt\ e ) to 

Proof: Since the If -actions on K/T and Y, x are Poisson and the map ip e : K/T — > 
is a if-equivariant diffeomorphism, if (d(p £ ) e (TT\ e (e)) = 7rs e (a) then it follows that 

(# e ) fc (vr Aie (fc)) = 7TB.( V (fe)) for all fc G K/T. 

We will need the following lemmas to prove the proposition. We let E = ( [j J ) G b 

and A = £7 A iE G b A b. If we set vta(^) = -(dLf, A — <iRf, A), we then have the following. 

Lemma 5.24. 7r_B e |a = I^Aja / or a = exp e Aii. 
Proo/; Let X = ( » _" si ), F = (_* 4,) G B 

TTBS a )(d R a- ia x,dR a -ia Y ) = ~(pt(Ad a -iX),pb(Ad a -iY)) 

= ~^X,Ad aPb (Ad a -xY)) 

We can see, 

^ a p b (^d a -iy) = AdaPb(^d -i(^Jii) 

— 27/ n t ( u e_2eAl 

- AflaPb ^ _ e 2 £ Aj; _ ti 

= (l-e 4eA )(^) 
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I . 2 

-(X,Ad a p b (Ad a -iY)} = -Imtr 



si_ u \ I (l-e 4eA )u 

-« -si ) y o 



--(1 - e 4eA )Im(uv) 
■(e 4eA - l)Jm(w). 



If we evaluate the right-hand side of the above formula we see 



-7r\(a)(dR a ~iax, dRa-iay) 



2e 



[ax A ay(Ad a E, Ad a iE) — ax A ay(E, iE) 



e ieX Im{uv) — Im(uv)] 



-(e 4eA - l)Im(uv) 

t? b c (a) {dR a - 1 a x , dR a - ia Y ) 



We then have the following. 

Corollary 5.25. n Bc (a) = i(l — e - 4tX )dL a (E A iE) 
Proof: 



□ 



vrs e (a) = —\dL a (E ME) - dR a {E ME)] 
= ^-d~L a [E ME- Ad a -i (E A iE)} 
= —d~L a [E ME — e~ 4eX ( E A iE)] 
= i(l-e- 4eA )dL a (SA^). 

□ 

The diffeomorphism (p t : K/T —* gives us (dyOe : e/t T a 57 A C T a £ £ defined by 



(dcp e ) e (£) = ±dL a p b (Ad a -i(). Now let X = \ {-\\) and Y = \ (° j) as in Q then 



(# e ) e (X) = ^(e~ 2eA - e 2tX )dL a E and (d<? e ) e (Y) = ^(e~ 2eA - e 2tX )dL a iE. 
It then follows that 

Lemma 5.26. (d<p e ) e (iT\ e (e)) = 7r Be (a) 
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Proof: 

(d(p t )e(nx,e(e)) = (dip 6 ) e (e(TT 00 (e) - T(e\)-K (e))) 

= e(dLp e ) e {'K ( y (e)) - £T(eX)(dip € ) e (-K (e)) 

= — 2eT(e\)(dtp e )e(X A Y) 

= -— r(eA)(e- 2eA -e 2eX ) 2 dL a (E ME) 
= ~{e- ux -l)dL a {EME) 

□ 

This completes the proof of Proposition [5,23| . □ 

We can next look at the product [K/T) n . We give (K/T) n the product Poisson 
structure ir\ te = Tr\ 1 ,e H + n\ n ,e- Define the map 

$ £ :(W-^x...xEl n 

given by 

* e (fc 1) ...,fe n ) = (^(A ;i ),...,^(fc n )) = (5f(fci)(a A J,...,5f(A ; 0(a A J) 

where (pf{ki) = D e t (ki)(a Xl ) and a Xi = exp e (A;#) G B e . We note the map 5 e : {K/T) n -> 
x • • • x £^ is a symplectomorphism. 
We leave the proof of the following lemma to the reader. 

Lemma 5.27. The action of K on (K/T) n given by 

k o (ki, ...,k n ) = (kki, p K (k^l(ki))k 2 , PK(k(p{(ki) ■ ■ ■ V^-l(&n-l))M 

is the pull back under $ e of the e-dressing action on x • • • x £^ C B™. 

The momentum map for the action of (K,e7rx) on ((K/T) n , 7Tx,e) is 

§ e : (K/T) n -» £ £ 

where 

* e (fei, fc n ) = </>l(fcl) * • • • * ^-l(^n-l)- 

5.3. The e-dressing orbits are small spheres in hyperbolic 3-space. Let b be the 

Killing form on q divided by 8. We have normalized b so that the induced Riemannian 
metric (,) on G/K has constant curvature -1. We let b t = f*b, hence b e is the Killing 
form on g t . Then (, ) e = F*(,) is the induced Riemannian metric on G e /K and G e /K 
has constant curvature -1 (since F e is an isometry). We will call (, ) e the hyperbolic 
metric on G e /K. 

The map £ : B e — > G t /K given by C(b) = b * K is a diffeomorphism that intertwines 
the e-dressing orbits of K on B t with the natural K action on G e /K given by left 
multiplication (using the multiplication in G t ). We abbreviate the identity coset K in 
G e /K to xq and use the same letter for the corresponding point in G/K. We have 
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Lemma 5.28. The image of the e-dressing orbit T,\ under ( is the sphere around xq of 
radius eX. 

Proof: Let d e be the Riemannian distance function on G e /K and d the Riemannian 
distance function on G/K. We have 

d e (x , exp XQ XH) = d(x , F e exp| XH) 
= d(x ,exp XQ f e (XH)) 
= d(x ,exp XQ eXH) 
= eX 

□ 

5.4. The family of symplectic quotients. In this section we will continue to use the 
notation of §[5^. Let p : E = (K/T) n x / — » I be a projection. Here we define I = [0, 1]. 
We let T vert (E) C T(E) be the tangent space to the fibers of p. Hence f\ 2 T vert (E) is a 
subbundle of /\ 2 T(E). We define a Poisson bivector -k on E by ir(u,e) = TT\ !t \u- 7r is a 
section of /\ 2 T vert (E). 

Let 5 C B n x / be defined by S = {(6, e)\b G S^}. We let (K, eir K ) act on (K/T) n x / 
by k ■ (u,e) = (ba,e), where o is the action given in Lemma |5.27 , and act on S by 



k • (b,e) = (D e e (k){b),e). We then define the map $ : E -> S by *(u,e) = ($e{u),e) 
which is a K-equivariant diffeomorphism. We also define \P : — > B by e) = 5 r e («). 

Remark 5.29. is the momentum map for the Poisson action of {K^ttk) on 

TV x {,}. 

We need some notation. Suppose n > m, F : M n+1 — » R m is a smooth map, 
and £ R m is a regular value of F. Let M = F^O). Write R n+1 = R n x R with 
x G M n , tel. Let p : R n+1 — > R be the projection onto the t-line. The next lemma is 



taken from [3a 



Lemma 5.30. Let (x,t) G M. Suppose ^\/ xt -\ has maximal rank m. Then dp\^ x ^ : 
T( x>t ){M) -> T t (R) is onto. 

Proof: It suffices to construct a tangent vector v G Tr X j\(M. n+ ) satisfying 

(i) v G ker dF\( Xjt ) 

(ii) v = YS=iCimi + m 

Put c = (ci, ...,c n ) and write the Jacobian matrix dF\r x ^ as (A, b) where A is the 
m by n matrix given by A = §§|(a;,t) an d & is the column vector of length m given by 
b = t|- | We are done if we can solve 

Ac + b = 0. 

But since ^4 : M n — > M m is onto we can solve this equation. □ 
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Remark 5.31. We need to generalize to the case in which R n+1 is replaced by the closed 
half-space H = {(x,t) : x G 1", t > 0} and the t-line by the closed half-line. Given 
(x,0) G dM we wish to find v = Y27=i c i~5x~ + M dF\f xo \(v) = (so v is in the 
tangent half-space to M at (x,0) E dM). The argument is analogous to that of the 
lemma and is left to the reader. 

Corollary 5.32. Suppose M is compact and for all (x,t) and further that ^\( x ,t) has 
maximal rank for all (x, t) E M. Then p : M — > R is a trivial fiber bundle. 



Proof: p is proper since M is compact. This is the Ehresmann fibration theorem [BJ 



8.12]. □ 

Remark 5.33. We leave to the reader the task of extending the corollary to the case 
where the t-line is replaced by the closed t half-line. 

We now return to our map \P : {K/T) n x I —* B. We have 

*0,e) = y\{ui) *■■■* tp e n (ui). 



Let e > 0. We apply Lemma [2J3| to deduce that 1 E B is a regular value for u — » ^(u, e) 
(recall we have assumed r is not on a wall of D n ). Now let e = 0. It is immediate (see 
[ KMp that G R 3 is a regular value of u — > ^(u, e) (again because r is not on a wall of 



D n ). We obtain 

Lemma 5.34. p : ^ _1 (1) —>■ I is a trivial fiber bundle. 

Now let Ai = ^>~ l (l) / K . We note that p factors through the free action of K on 
V I /_1 (1) and we obtain a fiber bundle p : «M — > I. This gives the required family of 
symplectic quotients. 

Proposition 5.35. p : M — » I is a trivial fiber bundle. 

Remark 5.36. p _1 (0) = M r (E 3 ) andp _1 (l) = M r (EI 3 ) and we may identify M. with 
the product M r (E 3 ) x I. 

We now give a description of the symplectic form along the fibers of p. Recall that 
if 7r : E — > B is a smooth fiber bundle then the relative forms on E are the elements of 
the quotient of A'(E) by the ideal generated by elements of positive degree in ir*A'(B). 
Note the restriction of a relative form to a fiber of ir is well-defined and the relative forms 
are a differential graded-commutative algebra with product and differential induced by 
those of A'(E). 



Lu's one parameter family of forms uj e of § 5A induces a relative 2-form uj e on K/T x I 
which is relatively closed. By taking sums we obtained a relative 2-form uj e on (K/T) n x / 
and by restriction and projection a relative 2-form ui e on M. Clearly Q e is relatively closed 
and induces the symplectic form along the fibers of p : M — ► /. 

We let [u> e ] be the class in H 2 (p~ 1 (e)) determined by u e . 
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5.5. [u) e ] is constant and Moser's Theorem. To complete our proof we need to 
review the i-th cohomology bundle associated to a smooth fiber bundle it : E — > B. The 
total space TC E of the i-th. cohomology bundle is given by TL E = {(&, z) : b £ B, z £ 
-fP(p -1 (&))}. We note that a trivialization of E\u induces an isomorphism between 

and H\j xF . But W UxF = {{x, z) : x G U, z G iiP(-F)}, whence ^ xJr = J7x It is 

then clear that 7i E is a vector bundle over with typical fiber H l (F). We next observe 
that the action of the transition functions of E on H l (F) induce the transition functions 
of TL E - Hence if we trivialize E relative to a covering IA = {Ui : % G 1} such that all 
pairwise intersections are contractible then the corresponding transition functions of 7i E 
are constant. Hence TC E admits a flat connection called the Gauss-Manin connection. 
We observe that a cross-section of 7i E is parallel for the Gauss-Manin connection if when 
expressed locally as an element of 7~L\j x p as above it corresponds to a constant map from 
U to 

Remark 5.37. If t is a relative i-form on E which is relatively closed then it gives 
rise to a cross-section [r] of TL E such that [r](b) is the de Rham cohomology class of 

We now consider the relative 2-form Q t on Ai. The form u t is obtained from the 
corresponding form uj e on (K/T) n x I by first pulling ui e back to then using the 

invariance of u e under K to descend uj e to u e . We observe that [uj e ] (reps. [w e ]) is a 
smooth section of 'Hfx/T^xi ( res P- ^m))- 

We obtain a diagram of second cohomology bundles with connection 

7i 2 - > Tt 2 < w * Tt 2 

where i : — ► (K/T) n x I is the inclusion and ir : 4 r_1 (l) — > A'l is the quotient 
map. We have 

Tr*\O f ] = i*\uj e ]. 



Proposition 5.38. [u e ] is parallel for the Gauss-Manin connection on TL 2 



M- 



Proof: By Lemma 5.7, [u> e ] is parallel for the Gauss-Manin connection on (K/T) n x I. 
Hence i*[LO e ] is parallel for the Gauss-Manin connection on T^-iny But an elementary 
spectral sequence argument for the bundle K — ► — > Ai shows that tt* : Tt^ — ► 
TCy-!^ is a bundle monomorphism. Hence if vr*[(D e ] is parallel, so is [a> e ]. □ 

Corollary 5.39. The cohomology class ofui t is constant relative to any trivialization of 
p:M->I. 

We now complete the proof of symplectomorphism by applying a version of Moser's 
Theorem |Mo] with M = M r (E 3 ). For the benefit of the reader we will state and prove 



the version of Moser's Theorem we need here. 



Theorem 5.40. Suppose uj e is a smooth one-parameter family of symplectic forms on 
a compact smooth manifold M. Suppose the cohomology class [cj e ] of u e in H 2 (M) is 
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constant. Then there is a smooth curve (fr € in Diff(M) with (fro = ioIm such that 

UJ e = (fr*CJ . 

Proof: Choose a smooth one- parameter family of 1-forms r e such that 

de 

(We may choose r e smoothly by first choosing a Riemannian metric then taking r e to be 
the coexact primitive of - here we use the compactness of M). 
Let £ e be the one parameter family of vector fields such that 

Now we integrate the time dependent vector field Q to a family \E' e of diffeomorphisms 
(again we use that M is compact). We have 

= ^l\di U u e -dT e ] 
= KWe-dn] 
= 0. 

Hence ^*ui e is constant so ^*ui e = ujq and to e = ( x I / 7 1 )* Ll 'o- D 

5.6. The geometric meaning of the family M. of symplectic quotients - shrink- 
ing the curvature. We recall that X K denotes the complete simply-connected Riemann- 
ian manifold of constant curvature k. Let r = (n, r n ) £ 0^-+) n with r not on a 
wall of D n . Let M r {X K ) be the moduli space of n-gon linkages with side- lengths r in the 



space X K . The following theorem is the main result of Sa] . 



Theorem 5.41. There exists a > and an analytically trivial fiber bundle tt : £ — > 
(— oo,a) such that tt (k) = M r (X K ). 

Let M be the family of symplectic quotients just constructed (except we will take 
(—oo,0] as base instead of [1,0]). We then have 

Theorem 5.42. We have an isomorphism of fiber bundles 

£|(-oo,0] - M. 

We will need 

Lemma 5.43. Let A > 0. Then we have a canonical isomorphism 

M r (X K ) ~ M Xr (X K/x ). 

Proof: Multiply the Riemannian metric on X K by A. Then the Riemannian distance 
function is multiplied by A and the sectional curvature is multiplied by 4. □ 
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Remark 5.44. There is a good way to visualize the above isomorphism by using the 
embedding of X K , K < 0, in Minkowski space (as the upper sheet of the hyperboloid 



x 2 + y 2 + z 2 



t 2 



^r) or X K , k> in M 4 ( as the sphere x 2 + y 2 + z 2 + 1 2 = ^). The 
dilation map v i— > Xv of the ambient vector space maps X K to X K j\ and multiplies the 
side-lengths by X. 

Now we can prove the theorem. Let p : M — > (— oo, 0] be the family constructed is 
§5.4. By Lemma 5.25 we see that p^ie) ~ M er (X_i). Thus we are shrinking the side- 
lengths of the n-gons as e — > 0. But we have just constructed a canonical isomorphism 

M tr {X_±) ~ M r (X_ e ). 



So we may regard the deformation of § |5.4| as keeping the side-lengths fixed and shrinking 
the curvature to zero. 

To give a formal proof we will construct an explicit diffeomorphism 




(-oo,0] 



(-oo,0] 



To this end, observe that the map B x (— oo, 0] 
(b * K, k) induces a i^-equivariant diffeomorphism 



G/K x (—00,0] given by (6, k) 



B n x (-oo,0] 5- {G/K) n x (-oo,0] 



(-oo,0] 



given by F((bi, b n ), k) = ({K,bi * K, b\ * ••• * 6„_i *K),k). 

We give 7t -1 (k) the Riemannian metric Let £' C {G/K) n x (— oo,0] be 

defined by 

£' = {(yi, -,yn,K) ■ Vi = %o, d K (yi,y i+1 ) =r u 1 < i < n} 

Here d K is the distance function on 7t _1 (k) associated to the Riemannian metric |k|(, ) k . 
Let T> r x (— oo, 0] be the dressing orbit through (e TlH , e TnH ) for the ET-dressing action 
of K on p _1 (k). We let M C T, r x (— oo, 0] be the subset M = {(&i, b n , k) : b\ * b 2 * 
■ ■ ■ * b n = 1}. Then F carries M diffeomorphically onto £' and induces the required 
diffeomorphism M. — > <f |(_oo,o]- d 

Remark 5.45. The relative 2-form u e is a symplectic form along the fibers of p. Thus 
we have made the restriction of the family of [|Sa|| to (— oo, 0] into a family of symplectic 
manifolds. Can u> e be extended to (— oo, a) for some a > 0? 
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